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Abstract. We study the dynamics of randomly perturbed integrable Hamiltonian systems. In
the limit of small perturbations, we show that the distribution function of the action variable
satisfies a Fokker—Planck equation whose diffusion coefficient depends on the correlation
function of the stochastic process. By using an harmonic noise we show the effect of resonances
between the spectral density of the noise and the proper frequencies of the system. We explicitly
consider the dynamics of a pendulum whose potential is stochastically perturbed; this model is
relevant for the study of the synchrotron motion in accelerator physics. The numerical results
for the distribution function of the energy are in very good agreement with the solutions of the
Fokker—Planck equation.

1. Introduction

The effect of random perturbations on the solutions of a dynamical system is very important
for the applications in [1-5]. Indeed any model which simulates the physical reality has to
include a small noisy perturbation to take into account the effect of chaotic hidden degrees
of freedom.

In this paper we study the dynamics of a one degree of freedom (1-d) Hamiltonian
system which is stochastically perturbed. The main idea is to use an averaging theorem
[6, 7] in the limit of small perturbation in order to prove that the distribution function of an
invariant for the unperturbed system satisfies a Fokker—Planck (FP) equation. This result
can be applied to a wide class of stochastic processes and the diffusion coefficient depends
on the spectral density of the process itself. We explicitly consider the diffusion of the
energy driven by a stochastic rotator [8] whose correlation function dexay3’ cowot)
and recall the correlation function of the harmonic noise which has previously been studied
in the literature [9, 10]. The stochastic rotator has been chosen for two reasons: on one hand
it allows us to point out the effect of the resonances between the unperturbed frequencies
of motion and the noise spectrum. On the other hand we show numerical evidence that
the correlation function of a chaotic variable which is defined on a compact domain, can
be interpolated by an exponentially decaying oscillating function; as a consequence we
conjecture that the diffusion of an integral of motion owing to a small coupling with a
chaotic system could be simulated by using a stochastic rotator.

In this paper we explicitly compute the diffusion coefficient for the energy of a pendulum
Hamiltonian system perturbed by a stochastic potential. This simple model is physically
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relevant in the study of the longitudinal (synchrotron) motion in a circular particle accelerator
when a noise is inserted into radio-frequencies (RF) cavities [11-13]. We show that if the
frequencywq of the stochastic rotator satisfies a resonance condition with the frequency of
an unperturbed orbit then even for a small noise amplitude the diffusion in the phase space
can deteriorate the longitudinal stability of the bunched beam. If we remove the resonance
condition keeping the noise amplitude constant, the diffusion velocity is reduced by a
factor of 1/100. The previous result is based on an averaging theorem which was recently
generalized to 1-d Hamiltonian systems [14] and states that under certain conditions in
the limit of vanishing noises¢(— 0), the unperturbed energy weakly converges towards

a diffusion process whose distribution function satisfies a FP equation in the slow time
T = €’t. The limit process is singular at the energy of the separatrix, so that we can
solve the FP equation by inserting an artificial absorbing barrier near the separatrix. This
is consistent with the application to accelerator physics, since the synchrotron motion for
a bunched beam is confined in the region around the elliptic fixed point. Moreover, the
instability in the synchrotron motion introduced by a stochastic perturbation could also be
used as a mechanism for a slow extraction of the beam [15].

The numerical simulations which compare the distribution functions computed by
integrating the equations of motion and the solution of the FP equation, show that we
have a very good agreement even for finite values of the noise amplitude so that the results
could be applied to physical experiments.

A simple, but not yet rigorous argument [16] shows that the relaxation time of the angle
variable is much faster than the diffusion timescale?l This remark allows us to apply
the averaging theorem in the case of a single realization of the noise, by using the angular
initial conditions as probability space. The numerical simulations confirm the validity of
this argument which is relevant in physical experiments where all of the particles feel the
same realization of the noise.

The extension to the case of more degrees of freedom is not trivial owing to the presence
of nonlinear resonances in any open set of the phase space. Different approaches to the
analysis of stochastically perturbed Hamiltonian systems are discussed in [17, 18], where
averaging principles are applied to the FP equation in an extended phase space or to the
Liouville equation. At the diffusion timescale the distribution function of an unperturbed
first integral of motion satisfies the same FP equation as in our approach.

2. Formulation of the model and theoretical results

Since our model refers explicitly to the synchrotron motion of a charged patrticle in a RF
system, we briefly introduce the physical problem (for more details see [12]). A RF cavity
is a device which produces an oscillating electrical fiéld, », r) parallel to the reference
orbit in a circular accelerator. When a particle with electrical chargeosses a RF cavity

its energy changes according to

AE = e/é’(s, r,t)ds 1)

wheres is the arc length of the reference orbit ands the distance from the-axis. The
electrical field is given byf(s, r) sinlwgrt) Wherewgr is the frequency of the cavity where
the functioné (s, r) is even with respect to the centre of the cavity. ket 0 be the centre
of the cavity andp be the phase of the electric field when the particle is &t0, then we
find the relationwgrt = ¢ + wrrs/v wherev is the velocity of the particle and equation
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(1) reduces to

WRF S

) ds = eV (r) sing. @)

AE :esin¢/€(s,r)cos( 5
Sincer « 1 it is possible to approximat& (r) = Vo/N where N is the number of the
cavities and the longitudinal motion is decoupled from the transverse motion. A particle
which follows the reference orbit has the same phasat each cavity along the magnetic
lattice, as a consequence there is an integer vatimtween thevgr frequency and the
revolution frequencywg. In contrast the phase of a particle outside the reference orbit
changes between two nearby cavities according to
2nrh E — EO

A(bn-'rl A¢n = N n E (3)
whereA¢ = ¢ — ¢g denotes the difference with the phase of the reference particlé&zgnd
is the energy associated to the reference orbit. According to equation (2) the differences
between the change of energyF, of the reference particle and the change of enexdy
of a generic particle can be written

AE — AEg = %Vo(sinq& — singyg). 4)

Einally we assume that the differencésp and AE are smooth functions so that¢ =
¢T/N andAE = ET/N whereT is the revolution period. By substituting these expressions
into equations (3) and (4) we obtain the system

. h
§ = —2UE — Eo)
5)
. . eVowo . .
E—Ey=— (sing — singy).
2

It is possible to give a canonical form to system (5) by introducing the canonical variables
q =¢ andp = (E — Eo)/ hwo. .

When the acceleration of the beam is completggl£ 0) the phasey of the reference
particle is set tor and system (5) is a pendulum-like system. In this case the synchrotron
motion is used to maintain the beam confined into different bunches. The presence of small
noises in the RF cavities may introduce instabilities in the longitudinal beam confinement
which reduce the luminosity of the machine.

In order to study the effect of a harmonic noise on the pendulum system we consider
the dynamics in the extended phase space, x, y)

q=r
p =—(1+e€x)sing ©)
X =w()y
y=—w)x
where the frequency (¢) is defined
o(t) = wot + /2yw(t) @)

and w(t) denotes the Wiener process. Equations (6) are integrated according to the
Stratonovich interpretation in order to preserve the Hamiltonian character and the solution
(x(¢), y(¢)) for the stochastic rotator is explicitly written

x(t)\ _ [ cosw(t) sinw(t) X0 ®)
y(@) )] \ —sinw(r) cosw(t) vo /'
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Equations (6) take into account the effect of a ‘phase noise’, whose amplitude is reduced
to zero when we approach the fixed poigts= 0, r; p = 0 of the unperturbed system.
The correlation function for the process (8) can be computed according to [19]

(x(@)x(t +5) + YOy +5)) = (x%(@1) + y? (1)) (CoSw(t + 5) — (1))
= ((x%(t) + y2(1))) coSwos) e T TI=wO) — ((x2(1) 4 y*(t))) cOLwps )€ "*
9)

for s > 0 where() denotes the expectation value with respect to the probability measure
of w(z) and the initial conditiongx (0), y(0)). If (x(0), y(0)) are defined on the unit circle
asx = cosZra andy = sin2r«a wherew is a random variable uniformly distributed in
the interval [0,1], then one can easily prove thaft)x(r + s)) = (y(t)y( + s)) and the
mean valuegx(r)) and(y(¢)) are zero. Finally, the correlation function of the proce&9
which perturbs the pendulum equations is given by

(x()x(t +5)) = 3 coYwps)e . (10)

The noisex(t) is stationary and fowy = 0 has the same correlation of the Ornstein—
Uhlenbeck process. Choice (10) for the correlation function is relevant to the study of the
relation between the spectral density of the noise and the diffusion in the phase space of
the unperturbed system; moreover, we show a numerical observation that the correlation
function for a chaotic variable which is defined in a compact set has a similar oscillating
behaviour. We then conjecture that the diffusion in system (6) could simulate the diffusion
owing to a small coupling of an integrable system with a chaotic degree of freedom. Of
course this result cannot be proved except for uniformly chaotic systems which satisfy a
mixing condition, but we expect that the conjecture could be statistically true if the effect of
trapping near the residual regular regions in the phase space (sticking phenomenon) affects
a small number of orbits [21, 22]. In such a case we could explain the appearance of an
anomalous diffusion [23-25] in the phase space, where the diffusion coefficient is larger
than the well known quasilinear value. The analysis of this conjecture will be the object of
a future work. As a model for a chaotic system, we consider the standard map

9i1+1 =0, + Tni1 mod 2t

. (11)
Tne1 = Iy + K SING,

for a value of the parametek = 3: the phase space is shown in figure 1 (top). Then
we consider an ensemble of orbits which is obtained by choosing the initial conditions
uniformly spread in the angle variable igt= 3; such orbits fill the chaotic region between
the two islands shown in figure 1. Then we numerically compute the correlation of the
incrementsAr, = K sinég,

c(ro;k, N) = M (12)
<AVNAI"N)

where the mean value is taken over all the initial conditions. The value- 500 is
chosen in order to distribute the initial conditions in the whole chaotic region; this avoids
transient effects since the initial st = ro,0 € [0, 27]} is not invariant. In such a
case the correlation function is practically independent frmand ro. In figure 1)
we show the numerical result (squares) for an ensemble of 20000 orbits together with a
numerical interpolation (broken line) obtained by using a functioneg@®Xxp(—y k) with
wp = 157 >~ /2 andy = 0.115. The numerical interpolation is good even if it is
possible to observe that for largethe decaying of the correlation seems to be slower
than an exponential decaying: a polynomial decaying fits apparently better the queue of the
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Figure 1. (a) Phase space of the standard map for a v&lue 3.0 of the parameter.b] Plot

of the correlation functiore(k) (squares) computed using an ensemble of 20000 orbits of the
standard map with initial conditions uniformly distributed in the angle variable at 3. The
numerical results are interpolated by the function(egs)e™?’ (broken curve)wy = 1.57 and

y = 0.115.
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correlation function. This is probably owing to the sticking phenomenon in the vicinity of
the islands, which affects a certain number of orbits. Our numerical results are consistent
with the computation of the correlation function of the standard map reported in the literature
[26]. According to the conjecture, if we couple the chaotic motion of the phase va#diable
with the dynamics of an integrable system, then we could observe a diffusion in the phase
space of the integrable system which is similar to the diffusion driven by a stochastic rotator.

In order to study diffusion in the region bounded by the separatrix, we consider the
distribution function for the unperturbed energy

P2
E = Tl C0sq. (13)

We are in a situation to apply the following theorem [14].
Let us consider a stochastically perturbed Hamiltonian system
H(q. p.x(t)) = Ho(q. p) + €Hi(q, p.x(1)) (g, p) € R? (14)

and let us introduce the action angle variablesl), if the stochastic processt) satisfies
a ¢-mixing condition (i.e. the events in the past and future can be considered independent
up to an error of orde$(T) whereT is the time gap) such that the following limit holds

lim T8¢(T) =0 (15)

then in each compact set where the Hamiltonian field and its derivatives up to order 2 are
bounded and the unperturbed frequeszy/) = dHy/dI # 0O, the scaled process

fo)y=1 (é) (16)

is weakly convergent to a Markov diffusion process in the slow time: %t when the
diffusion limit ¢ — 0, + — oo is considered. The diffusion and the drift coefficients are
defined according to

) 1 to+T to+T 8H1 8H1
D) = | — — Qt, 1 — Qs, 1 17
() T'—r>nooT/,0 dt/rO dS< o 0+ Q1 L x (@) =20 + Qs ,X(S))> (17)

1dD
A1) = = (1). (18)

The existence of limit (17) is assumed.

We consider the case of a stationary random perturbation of the ¥, p, x (7)) =
x(t)H1(q, p) whereH(gq, p) is an analytic function. If we introduce the Fourier expansion
in the action-angle variables

Hy0,1) =) hi(1)e"’ (19)
k
the diffusion coefficient can be written in the form

o 2 rT ! ) ,
D(I) :Zkk/hkfhke'(k*“g lim = / dr / dsop (r — 5)d®HHK2) (20)
T T=oo T Jo 0
where¢ (1) is the correlation function of the noisgr). Taking into account the fact that
1 T t . , 1 T . , ! i
lim —/ dt/ dsep (r — 5)@®HHK2) — |im —/ dte'“‘*km’/ dup (u)e * <
0 0 0 0

Tooo T T—oo T

=k / ¢ (u)e F < gy (21)
0
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equation (20) reads
D) = K| *p(k) (22)
k

whereg(v) is the spectral density of the noise

() = /OO ¢ (u) cosvu du. (23)

The drift and diffusion coefficients satisfy the conservative condition (18) so that the FP
equation for the distribution functiop; in the action variable can be written

d 10 0
a—rm(l, T) = EB_ID(I)Z)_IPI(I’ T). (24)

In the previous calculations we explicitly use the nonresonant condi®oh # O; this
condition fails when we approach a separafi(q, p) = E. since the period of the orbits
diverges as Qog|E — E.|). Moreover, the derivativd H,/00 is singular at a separatrix
because of the relation

0H; 1 <8H1 0Hy 0H; 8Ho>

a0 1=constant_ Q) \ 9g dp B dp dq

so that the diffusion coefficient (22) diverges at the separatrix(@%%?). The FP equation
(24) can be solved in any compact set contained in a region bounded by a separatrix with
an absorbing boundary condition at the border.

The nonresonant conditioff2 (/) # 0) means that the angk is a fast variable in the
diffusion limit and we can average on that. Moreover, by using an heuristic argument [16],
based on the assumption thiat) could be considered a diffusion process at a finite time,
the integral

(25)

/ Q(I(s))ds mod 27 (26)
0

turns out to be a stochastic process on the circle which relaxes on a time ofeordtar
an anisochronous system¢dd I # 0); as a consequence we can assume that the angle
has a correlation time of the same order. According to this remark, even if we consider a
single realization of the noise(r), in the diffusion limit two orbits of the system (14) with
a different initial condition in the angle variable, behave as two different realizations of a
stochastic process. This fact is relevant in the application to accelerator physics since the
particles in the beam are perturbed by the same realization of noise, but have a different
initial condition in the phase space.

In the diffusion limit the FP equation for the energy distribution functign(E, ) is
computed from the relation®d = Q (7)d/

9 E —]-aQEDE8 E, 1)Q((E 27
= pp(E.T) = 5= QE)D(E) - pi (B, DRUE) 27)

where we have define®2(E) = QI (E)) and D(E) = D(I(E)). According to
equation (27) the diffusion coefficient for the energy ASE) = Q?)E)D(E) and the
drift coefficient is§(E) = Q(E)d(E).

From equation (22) we see that the spectral dengity) contributes to the diffusion
coefficient only with the amplitudes of the frequencies- k2 which enters in the Fourier
expansion (19) of the perturbation; as a consequence the diffusion is enhanced when the
spectral density of the noise is peaked at the frequerdies
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In the case of equations (6)1(q, p, x(t)) = —x(¢) cosq and we can apply definition
(22) for the diffusion coefficient where the spectral density of the noise is given by

1 [® _ 1 14 14
= YSde — —
> /_Oo coqwqs) cogvs)e " ds > (yz P + N V)2> (28)

and it is peaked at = t+wyp.

3. Numerical results

In order to apply the results of the previous section to model (6), we have numerically
evaluated the frequendy(E) and the Fourier expansion (19) with (6, I) = — cosq (0, I),

by using the discrete Fourier transform of the orki$t), p(¢)) + € N of the unperturbed
Hamiltonian H = p?/2 — cosq [27]. The orbits are computed by means of a symplectic
integrator of the order 4 with a stefr = 0.05 upt = 2000 for a grid of 100 points in the
energy interval {1, +1]. Then we have evaluated numerically the frequeR¢¥) and the
Fourier expansion off1(6, I) up to the component&| < 6 which provide a good precision

in the values of the diffusion and drift coefficients. Of course the precision decreases as

20

Figure 2. The figure shows the dependence of the energy diffusion coefficient from the
parametekg € [0, 27] (x-axis) and the energ¥ e [—1, 1] (y-axis): the diffusion coefficient
is numerically computed using the Fourier analysis of the unperturbed orbit.
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Figure 3. In the figures on the left-hand side we plot diffusion coefficients as a function of
the energyE € [—1, +1] (note the different scales in the figures); the values of the parameters
aree =002,y = 1—15 and wo/2r = 0.05, 0.2, 0.25 (respectively top, centre, bottom). In the
figures on the right-hand side we compare the energy distribution functions computed by the
numerical simulations (histogram) and the integration of the FP equation provided by the theory
(full curve); we show the initial distribution and the distributionssagx = 400; a statistic of
10000 realizations of the noise have been used in the simulations.

we approach the separatri(q, p) = 1. In figure 2 we plot the diffusion coefficient for
the energyA(E, wp) = Q(E)2D(E; wp) as a function ofwy € [0, 27] and the energy
E €[-1,1].
We see clearly three peaks for the diffusion coefficient which correspond to the resonance
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conditionswy = kQ(E) with k = 2, 4,6 since only the even components appear in the
Fourier expansion of cag6, I); according to equation (28) the amplitude of the peaks is
 1/y and the width isx ,/y. Far from the resonant values feg the diffusion coefficient

is oc y so that the ratio with the diffusion coefficient near a resonant value is of grder

In the limit wg — 0 we recover the Ornstein—Ulhenbeck process which has been considered
in other papers [4, 20] as a model to study the effect of a coloured noise.

The numerical method that we used to compute the diffusion coeffié¢h?) and the
frequencyQ(E), is very general and can be applied to any Hamiltonian system.

In the numerical simulations we have considered various valueg of the correlation
function (10) whereas the value pf= 1—15 was fixed. For each case we have numerically
integrated the stochastic equations (6) with= 0.02 by computing 10000 realizations of
the noise. Even if the theory applies in the limit> 0, the value 0.02 was chosen in order
to limit the CPU time needed by the simulations. The initial condition for the distribution
function pg(E, 0) is a Gaussian distribution centred At = 0. In figure 3 (right) we
compare the distribution functions: computed by the direct integration of equations (6)
(histograms) and the same function (continuous curve) obtained from the integration of the
FP equation (27) whose diffusion coefficient is plotted on the left: the pictures correspond
to the valueswg/27 = 0.05, 0.2, 0.25 (respectively top, centre, bottom) and give the
distribution oz at+ = 0 andsmax = 400. The FP equation is integrated using a Cranck—
Nicholson implicit algorithm with an absorbing boundary condition nBae 1 (separatrix
curve) where the diffusion coefficient is singular and a reflecting boundary condition at
the origin where the diffusion coefficient vanishes. The timestep and the energy step were
chosen equal respectively t@ae?/100 andﬁ).

The averaging theorem does not apply in a domain which contains a separatrix curve,
so that the absorbing boundary condition at the separatrix is necessary, however, for the
applications to accelerator physics the particles that cross the separatrix are indeed lost, so
that the absorbing barrier is physically justified. Equations (6) are integrated by using a
symplectic integrator of order 4 with a timesteyp = 0.05 and as soon as an orbit crosses
the separatrix is considered lost.

In figure 4 we show the evolution gz for an ensemble of initial conditions in the
phase space when we perturb the system (6) with a single realization of thextinise
The left picture refers to the cas® = 0.2 ande = 0.02 and shows the distributionss
atr = 0 andt = 250 computed by the simulations (histogram) and the FP equation: the
initial condition are uniformly distributed in the angle variable with a Gaussian distribution
in the energy. We observe that the agreement of the two curves is not satisfactory, but this
result depends on our choiee= 0.02 which is too big to apply the theory so that the angle
6 does not decorrelate sufficiently fast with respect to the diffusion velocity of the energy.
Then we have reduced by a factor of 4 and we have multiplied the time for a factor of
16 in order to keep the diffusion time’s constant; the result for the distribution functions
is plotted in figure 4¢), which shows a very good agreement between the simulations with
a single noise realization and the solution of the FP equation.

4. Conclusions

We have studied the energy diffusion for stochastically perturbed Hamiltonian systems.
According to an averaging theorem in the diffusion limit when the perturbation amplitude
tends to zero, the energy weakly converges to a diffusion process in any compact subset of
the region bounded by the separatrix. The drift and the diffusion coefficients are explicitly
computed for a pendulum Hamiltonian in the case of a coloured noise and the effect of
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Figure 4. A comparison between the energy distribution functions in the case of a single
realization of the noise and an ensemble of 10 000 initial conditions uniformly distributed in the
angle variable; the histograms are the results of numerical simulations whereas the continuous
curves are the solutions of the FP equation; the parameters used ﬂrqlg, wo/2r = 0.2

e = 0.02, 0.005 (respectivelyaj and p)); the distributions are plotted at= 0, 250 @) and

t =0, 4000 b).

resonances between the proper frequencies of the pendulum and the frequencies contained
in the noise spectrum has been pointed out. The comparison between the distribution
function computed by a direct integration of the stochastic equations and the solution of the
FP equation provided by the theory is also very good in the case of a finite amplitude of
the perturbation. Moreover, the fast decorrelation in the angle variable which is expected in
the anisochronous systems, allows us to describe the evolution of the energy distribution in
the case of a single realization of the noise and an ensemble of initial conditions uniformly
distributed in the angle variable.

The considered model is relevant in the applications to accelerator physics to study the
effect of noise in the RF cavities on the stability of the synchrotron motion.
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